Abstract: This paper investigates the skid steering of four-wheel independent-drive (4WID) electric vehicles (EV) and a differential steering of a 4WID EV with a steer-by-wire (SBW) system in case of steering failure. The dynamic models of skid steering vehicle (SSV) and differential steering vehicle (DSV) are established and the traditional front-wheel steering vehicle with neutral steering characteristics is selected as the reference model. On this basis, sideslip angle observer and two different sliding mode variable structure controllers for SSV and DSV are designed respectively. Co-simulation results of CarSim and Simulink show that the designed controller for DSV not only controls the yaw rate and sideslip angle of DSV to track those of the reference model exactly, but also ensures the robustness of the controlled system compared with the designed controller for SSV. And the differential driving torque needed to realize the differential steering is much smaller than that for skid steering, which indicates the possibility of the differential steering in case of steering failure.
Introduction
The vehicle steering system has experienced several stages, such as manual steering, hydraulic steering, electro-hydraulic steering, electric power steering and by-wire steering. However, in order to achieve the latter two, the structure becomes more complicated because one or two extra motors are required [1] . The appearance of four-wheel independent-drive (4WID) electric vehicles (EVs) opens up the possibility of differential steering system (DSS) by coupled control of left and right in-wheel motors (IWM), which eliminates the restrictions of a traditional steering system completely [2] . With the emergence of intelligent vehicle systems (IVS), the 4WID system can also be used to solve the path tracking problem [3, 4] . However, there are three functions of the DSS: (1) Steering the vehicle without the lateral turning of the wheel, i.e., skid steering [5, 6] ; (2) Assisting the driver to steer the vehicle, that is, differential drive assisted steering (DDAS) [1, 2, 7, 8] ; (3) Steering the vehicle instead of the regular steering system [9] [10] [11] [12] [13] . Skid steering was realized by giving a tire speed differential between the left and right tires [5, 6] . And the wheel torque difference between the left and right tires, which controlled the tire velocity difference, was defined as a function of the steering wheel angle. In addition, a stability compensator for the adhesion limit of tire/load and the yaw rate and yaw acceleration are used as control variables. However, the needed differential driving torque is not given in the paper [5] .
A closed loop control method of differential drive assisted steering (DDAS) was proposed, which includes a reference steering wheel torque (RSWT) design module and an integral anti-windup variable PI control module. The former was to design a three-dimensional characteristic curve of torque The article structure is as follows: The SSV and DSV models, and reference model are described in Section 2. Sideslip angle observer and two kinds of SMC controller based on the reference model are designed in Section 3. Section 4 is the joint simulation based on CarSim (MATLAB, R2012a, mathworks, Natick, MA, USA) and Simulink. (CarSim, 8.02 , MSC software, Los Angeles, CA, USA) Section 5 is the conclusion.
Vehicle Models and Problem Formulation
In this section, we will first present three kinds of vehicle models, including an SSV model, a DSV model and a reference model. Here vehicle models are based on the following assumptions: (1) The lateral acceleration is small and the roll motion can be ignored; (2) The left and right tire slip angles are equal; (3) The front and rear tire lateral forces are proportional to the tire slip angles. Then the problem formulation will be proposed.
The difference between SSV and DSV is that the former has no mechanical steering mechanism. However, both of them depend on the differential driving torque between the two sides of front wheels, but for the latter, the torque will also contribute to the generation of the front wheel angles. The SSV obtains steering yaw moment by increasing the speed of outer wheels and decreasing the speed of inner wheels, other than swinging the steered wheels.
Skid Steering Vehicle Model
The forces acting on the vehicle body are shown in Figure 1 , where Fxij (i = f,r, j = l,r) is the tire longitudinal force of the left/right front/rear wheel, Fyij (i = f,r, j = l,r) is the tire lateral force of the left/right front/rear wheel. 
m is the total vehicle mass, ux is the longitudinal velocity at the CG point, β is the sideslip angle, γ is the yaw rate, Iz is the yaw moment of inertia, ls is the half of wheel track, R is the radius of front wheel, lf and lr are the distances from the center of gravity (CG) to the front and rear axles, ΔM is the differential driving torque between the two sides of the front wheels, Tfr and Tfl are the right and left driving torques of the front wheel.
Here a static wheel model is adopted and wheel rotational dynamics are not considered. Define the state variable and system input as x(t) = [β, γ] T , u(t) = ΔM, the state equation of the two degree-offreedom (2-DOF) model can be given as: The lateral and yaw motion of the EV are modeled as:
where
m is the total vehicle mass, u x is the longitudinal velocity at the CG point, β is the sideslip angle, γ is the yaw rate, I z is the yaw moment of inertia, l s is the half of wheel track, R is the radius of front wheel, l f and l r are the distances from the center of gravity (CG) to the front and rear axles, ∆M is the differential driving torque between the two sides of the front wheels, T fr and T fl are the right and left driving torques of the front wheel.
Here a static wheel model is adopted and wheel rotational dynamics are not considered. Define the state variable and system input as x(t) = [β, γ] T , u(t) = ∆M, the state equation of the two degree-of-freedom (2-DOF) model can be given as:
Considering that the tire cornering stiffness always fluctuates due to the change of the road conditions, they can be expressed as:
where k f0 and k r0 are the nominal values of the front and rear tire cornering stiffness, ∆k f and ∆k r are the corresponding perturbation values. Then Equation (3) can be written as:
Differential Steering Vehicle Model
As we all know, when the braking force between the left and right sides is different, the vehicle will turn to the side with larger braking force. Similarly, the different driving force between the left and right sides will drive the steering wheel to generate the steering motion and the vehicle will turn to the side with smaller driving force. Differential steering system of the 4WID EV equipped with an SBW system and the force acting on the vehicle body are shown in Figures 2 and 3 , respectively. The driver's intention is provided to the electronic control unit (ECU), which gives instructions to the steering mechanism and achieves the steering according to the collected signals and internal control procedures. However, when the SBW system fails suddenly, the steering can only be realized by the differential driving torque, which can also generate the front wheel angles simultaneously.
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where e J and e b are the effective moment of inertia and damping of the SBW system, f δ is the front wheel steering angle, a τ is the tire self-aligning moment, r σ is the scrub radius, f τ is the friction torque, f α is the tire slip angle of the front wheel, l is the half of the tire contact length. In addition, f δ  and f τ can be assumed as bounded disturbances.
The lateral and yaw motion (shown in Figure 3 ) of the EV can be expressed as:
where ( )
Define 
Note: From Equations (1) and (11), it is not difficult to see that they are similar to each other and there are so many f δ emerged in Equation (11) . However, here f δ is not the external input of the system, but the steering angle of front wheels produced by the differential driving torque between the two sides of the front wheels. The dynamic equation of the steering system (shown in Figure 2 ) can be written as [11] :
where J e and b e are the effective moment of inertia and damping of the SBW system, δ f is the front wheel steering angle, τ a is the tire self-aligning moment, r σ is the scrub radius, τ f is the friction torque, α f is the tire slip angle of the front wheel, l is the half of the tire contact length. In addition,
..
δ f and τ f can be assumed as bounded disturbances.
Define X(t) = β γ δ f T , U(t) = ∆M, the state equation can be obtained as
Note: From Equations (1) and (11), it is not difficult to see that they are similar to each other and there are so many δ f emerged in Equation (11) . However, here δ f is not the external input of the system, but the steering angle of front wheels produced by the differential driving torque between the two sides of the front wheels. 
Reference Model
Here the 2DOF vehicle model with neutral steering characteristics, which can be easily obtained by adjusting the position of the CG, is employed to calculate the reference side-slip angle and yaw rate, and to estimate the actual side-slip angle.
Define
T and u d = δ, the corresponding state equation is expressed as:
where β d and γ d are the sideslip angle and the yaw rate of the reference model, l fd and l rd are the distances from the CG to the front and rear axles, respectively.
Problem Formulation
For the reference model, the normal input is the front wheel steering angle, which is proportional to the steering angle commanded by the driver. But for the SSV and DSV in the case of the steering failure, both of their inputs are the differential drive torque between the left and right front wheels, which should be controlled to drive the sideslip angle and yaw rate of the vehicles to their desired ones calculated by Equation (15) . The sensors to measure the sideslip angle are usually very expensive. Consequently, the state observer should be firstly designed to estimate the actual sideslip angle. In addition, there is no direct relationship between the steering wheel angle and differential drive torque. To obtain the desired vehicle performance, sliding mode variable structure control strategy is applied. The diagram of control design is depicted in Figure 4 .
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Controllers Design
Sideslip Angle Observer
The designs of the reduced-order observers for the SSV and the DSV are similar. This subsection takes the DSV as an example to illustrate the method. According to the Equation (13), the following equation can be obtained:
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Equation (15) can be rewritten as:
.
The dynamic equation of the observer is as follows,
Substituting the Equation (20) and the second expression of Equation (21) into the first one of Equation (21), the following can be obtained:
where, A 11 − H A 21 is the coefficient matrix of the observer. And the pole of the reduced-order observer is determined by the following characteristic equation.
Since Equation (22) Y, it is necessary to obtain the derivative signal of the output, which will affect the uniqueness of the estimated stateX 1 . Alternative state variables are allowed to be selected so that the state equation does not contain the derivative signal.
then,
And the following expression can be obtained from
Subtracting Equation (22) from the first expression of Equation (19), and
then it can be simplified as follows
This equation is homogeneous. So long as H is properly selected, the poles of the reduced-order observer can be disposed arbitrarily [14] , so that the satisfactory attenuation speed of X 1 −X 1 can be obtained and the state estimationX 1 can approach X 1 as soon as possible.
Sliding Mode Controller of Skid Steering Vehicle
For the SSV there is no direct relationship between the steering wheel angle and differential drive torque, the traditional vehicle with neutral steering characteristic is used as the reference model. And the SMC controller based on uncertain parameters is designed to make sure that the state variables of skid steering vehicle to track those of the reference model.
Define the state variables of error system as e = x d − x, and the error model is as follows:
The nominal model of the error system can be expressed as:
In order to control the output of SSV completely tracking that of the reference model, u should satisfy the following equation for arbitrary state x, external reference input u d and various uncertainties.
According to the linear system theory, it can be drawn that the necessary and sufficient conditions which the controlled object completely tracks the reference model are as follows [15] :
where Equation (32) is the matching condition as well as Equation (33) is the uncertainty matching condition. At this point, the controlled system can be rewritten as:
The complete compensation for uncertainties can be achieved by designing the control law. The full-scale sliding mode switching surface for the error model is selected as:
where, G is the sliding mode parameter matrix to be designed and
The structure of the variable structure control law can be expressed as:
where, u m is the matching control law for the model reference closed-loop control system, u v is the variable structure control law.
Energies 2018, 11, 2892 9 of 18
As long as the matrix B is full rank, i.e., rank(B) = m, there must be a non-singular linear transformation matrix T to make B 1 = T 1 B = 0, then the Equation (29) can be transformed into
In order to get the appropriate B, select
And the switching surface becomes
The pole assignment method is used to compute G, which makes the final sliding mode have the pre-given pole set Λ = {λ i , i = 1, 2, . . . , n − m} (where all of the poles have negative real parts and imaginary parts appear in pairs). Since
is a controllable matrix, there is matrix K to ensure that pole set of
where G 2 is a non-singular matrix of m ×m, and usually G 2 = I m . And G = [K, I] can be confirmed uniquely, and the switching function s = Ge is obtained. According to the matching condition of fully matched model, the matching control law is as follows.
Substituting Equations (36) and (43) into the Equation (37), the error equation becomes:
where the variable structure control law u v can be chosen to ensure that the system is stable and reliably maintained in the sliding mode, which means that u v can make the sliding mode reach the condition, 
Let
where g(t) is the scalar control coefficient to be determined and g(t) > 0, then
of 18
Substituting Equation (46) into Equation (47), then
And the control law is
where ε is a small positive number. After obtaining the above control law, the variable structure control law of the full-scale sliding mode model can be got by transforming z into e.
Sliding Mode Controller of Differential Steering Vehicle
Here the sliding surface of SMC can be defined as the following to make sure that the real sideslip angle and yaw rate approach the ideal ones.
where, ξ is the weight coefficient, which is used to enhance or reduce the influence of sideslip angle. Take the derivative of Equation (50) and substitute Equations (11) and (26) into Equation (50), the following equation can be obtained:
Note that the sideslip angle observer is convergent, that is, the observer error β −β converges to zero in a finite time. And from the Equation (11), it can be drawn that
β d is bounded. Then the following inequality holds.
where D 1 is a constant. In order to weaken the chattering phenomenon of sliding mode control, the exponential reaching law with saturation function is applied, and the controller can be designed as
with k 1 > D 1 , k 2 > 0, and the sliding variable s will converge to the origin in a finite time. Substitute Equation (54) into Equation (51), and
Select the Lyapunov function as V(s) = 1 2 s 2 , take the derivative of V(s) and we get
of 18
Note k 1 > D 1 , and we can get
According to the finite-time Lyapunov stability theory, the sliding mode variable s will converge to the origin in a finite time.
Simulation and Analysis
In this section, Simulink and CarSim are used to confirm the effectiveness of the control systems designed in this paper. The parameters used in the simulation are as follows: m = 1111 kg, 
Simulation in J-Turn Manoeuvre
In this simulation, u x = 10 m/s and the steering wheel steering angle with a maximum steering angle of 3.5 rad as shown in Figure 5a is used as the input of the reference model. Figure 5b,c are the calculated and the estimated sideslip angles of the SSV and the DSV with SMC controller. It can be drawn that the designed sideslip angle observer is effective to track the calculated sideslip angle. Figure 5d ,e are the yaw rate and sideslip angle curves of the three models. It can be seen that both of the yaw rate and sideslip angle of DSV with SMC controller can follow the desired ones, while only the yaw rate of SSV with SMC controller can follow the desired one. Generally speaking, the side slip angle and the yaw rate are coupled. It is often difficult to track two state variables simultaneously by a single control variable-differential torque. Here the desired yaw rate is tracked very well.
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In conclusion, the simulation results show that the designed observer is effective and the responses of DSV with SMC controller can exactly track the ideal ones. Although the yaw rate of SSV with SMC controller can also exactly track that of the reference model, the differential driving torque needed for SSV is too much larger than that needed for DSV, which obviously exceeds the maximum torque provided by the in-wheel motor.
Simulation in Double Lane Change Maneuver
Double lane change maneuver is another important method to examine the maneuvering stability of the vehicle. In this simulation, u x = 20 m/s and Figure 6a shows the input of the reference model, which can guarantee the vehicle to achieve the double lane change maneuver. Figure 6b -l illustrate the simulation results of reference model, SSV and DSV with different SMC controllers. Figure 6b ,c are the calculated and the estimated sideslip angles of the SSV and the DSV with SMC controller, which show that the designed observer can track the calculated sideslip angle very well. Figure 6d is the yaw rate curves of the three models and their responses are almost the same. Figure 6e is the sideslip angles of the three models, which illustrates that only the sideslip angle of the SSV with controller can follow the desired one. The differential drive torques between the left and right front wheels required for the SSV and the DSV with SMC controller are shown in Figure 6f ,g and their absolute maximums are 3150 Nm and 46.4 Nm. In addition, the external steering angle of the front wheel is as shown in Figure 6h . Figure 6i -l are the response curves of the SSV and the DSV without SMC controller. It can be seen that they are so different from the desired ones.
In conclusion, both of the differential driving torque and the external steering angle of the front wheel produced by the torque contribute to the steering of DSV with SMC controllers, which leads to a substantial reduction in the required differential driving torque. Therefore, the differential driving torque needed for the DSV is much smaller than that needed for the SSV. 
Double lane change maneuver is another important method to examine the maneuvering stability of the vehicle. In this simulation, ux = 20 m/s and Figure 6a shows the input of the reference model, which can guarantee the vehicle to achieve the double lane change maneuver. Figure 6b -l illustrate the simulation results of reference model, SSV and DSV with different SMC controllers. Figure 6b ,c are the calculated and the estimated sideslip angles of the SSV and the DSV with SMC controller, which show that the designed observer can track the calculated sideslip angle very well. Figure 6d is the yaw rate curves of the three models and their responses are almost the same. Figure 6e is the sideslip angles of the three models, which illustrates that only the sideslip angle of the SSV with controller can follow the desired one. The differential drive torques between the left and right front wheels required for the SSV and the DSV with SMC controller are shown in Figure 6f ,g and their absolute maximums are 3150 Nm and 46.4 Nm. In addition, the external steering angle of the front wheel is as shown in Figure 6h . Figure 6i -l are the response curves of the SSV and the DSV without SMC controller. It can be seen that they are so different from the desired ones.
Robustness Analysis
When the cornering stiffness of the front and rear tires are decreased and increased by 5% respectively as other parameters remain unchanged, yaw rate curves of reference model, SSV and DSV with different SMC controllers are shown in Figures 7 and 8 , respectively.
From Figures 7 and 8 , it can be seen that the yaw rate curve of DSV with SMC controller can completely track that of the reference model when front or rear tire cornering stiffness is changed. However, there are always a little difference between the yaw rates of SSV with SMC controller and the reference model. It can be drawn that the robustness of DSV with SMC controller is better than that of SSV with SMC controller. 
Conclusions
The realizations of skid steering and differential steering of IWM EVs with the failure of SBW system are studied:
(1) Simulation results show that the skid steering of SSV can be realized by the differential drive torque between the two sides of the front wheels. However, the needed differential drive torque is so large and far beyond the maximum torque generated by the in-wheel motor. Therefore, the skid steering cannot be used in practice. (2) The differential steering of DSV in case of steering failure also can be achieved by the differential drive torque between the two sides of the front wheels. Because this torque generates an external vehicle yaw moment and at the same time an additional steering angle of the front wheel is also produced, so its value can be greatly reduced. (3) The structure of differential steering is relatively simple. It not only can be used as the backup steering system, but also can be used for the active steering of front and rear wheels and the improvement of vehicle handling stability, and even can be applied as a sole steering system for future pilotless vehicles. 
